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C^t ' Abstract 

Combinatorial properties of maximal repetitions (runs) in formal words are studied. We classify all maximal 
repetitions in a word as primary and secondary where the set of all primary repetitions determines all the 
other repetitons in the word. Essential combinatorial properties of primary repetitions are established. 



1. Inroduction 



Let w = w[l]w[2] ...w[n] be an arbitrary word. The length n of w and is denoted by \w\. A word 
Ft i ' w[i] ■ ■ -w[j], where 1 < i < j < n, is called a factor of w and is denoted by to[i..j]. Note that factors can 

be considered as fragments of the original word or as words themselves. So for factors we have two different 
notions of equality: factors can be equal as the same fragment of the original word or as the same word. 
To avoid this ambiguity, we will use two different notations: if two factors u and v are the same word (the 
same fragment of the original word) we will write u — v (u = v). For any i = X,...,n the factor iy[l..i] 
^ , (w[i..n\) is called a prefix (a suffix) of w. A positive integer p is called a period of w if w[i] = w[i + p] for 

each i = 1, . . . ,n — p. We denote by p(w) the minimal period of w and by e(w) the ratio \w\/p(w) which is 
called the exponent of w. A word is called primitive if its exponent is not an integer greater than 1. 

By repetition in a word we mean any factor of exponent greater than or equal to 2. Repetitions are 
fundamental objects, due to their primary importance in word combinatorics [3] as well as in various 



applications, such as string matching algorithms [13, 0]' molecular biology [3], or text compression [2lj |. 
The simplest and best known example of repetitions is factors of the form uu, where u is a nonempty word. 
Such repetitions are called squares. We will call the first (second) factor u of the square uu the left (right) 
root of this square. Avoiding ambiguitj0, by the period of a square we will mean the length of its roots. 
A square is called primitive if its roots are primitive. Primitive squares are a particular case of factors of 
the form u k = uu . . . u where k > 1 and u is a nonempty primitive word. Such factor is called a primitive 

k 

integer power with the root u. A primitive integer power is called maximal if it cannot be extended to the 
left or to the right in the word by at least one root. Note that any primitive integer power is contained 
in only one maximal integer power. In an analogous way, one can note that any repetition is contained in 
only one maximal repetition with the same minimal period which cannot be extended to the left or to the 
right in the word by at least one letter with preserving its minimal period. Maximal repetitions are usually 
called runs in the literature. Since runs contain all the other repetitions in a word, the set of all runs can 
be considered as a compact encoding of all repetitions in the word which has many useful applications (see, 
for example, Q). 

Questions concerning the maximum possible number of repetitions in words are actively investigated in 
the literature. In particular, it is shown in [l|, |2J that the maximum possible number of primitive square 
and maximal integer powers in words of length n is 0(nlogn). It is proved in [15| that, unlike the case of 
maximal integer powers, the maximum possible number mrn(n) of runs in words of length n is 0(n) and, 
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moreover, the maximum possible sum mex(n) of all runs in words of length n is also 0(n). Due to a series 
of papers [l8, 19|, 17l 15, [13, [4. 5] more precise upper bounds on mrn(n) have been obtained. For the present 
time the best upper bound 1.029n on mrn(n) is obtained in [f|. The problem of low bounds on mrn(n) is 
considered in 1(J 2(J. More precise bounds on mex(n) have been also obtained in [!, 0, H| . I n particular, 
the best known bounds mex(n) < 4. In and mex(n) > 2.035n are obtained in Q. Analogical estimates for 
runs with exponent at least 3 are obtained in @, @] ■ 

Further we denote by R(w) the set of all maximal repetitions in a word w. Let A be a natural number. 
For maximal repetitions, in our opinion, one could make the two following natural conjectures: 

1. The number of maximal repetitions with the minimal period not less than A in the word w is upper 
bounded by (p(\)n where ip(X) — > as A — > oo. 

2. The maximal number of maximal repetitions containing the same letter in the word w is o(n). 

Unfortunately, both the conjectures are not true. As a counterexample, we can consider the word Wk = 
(01) fe (10) fc of length 4k. It is easy to check that R(wk) = {r\, r 2 , ■ ■ ■ , r k+2 } where r% = (01) fc , r 2 = (10) fe , 
and ti = (l(01) fc ~ 3 ) 2 for i = 3,4, . . . , k + 2. Thus, for any A > 2 the word w\ contains [X/2\ = il(\w\\) 
maximal repetitions with the minimal period not less than A which contradicts conjecture [TJ Moreover, 
the middle letters of w k are contained in k + 1 = f2(|wfc|) different maximal repetitions from R(wk) which 
contradicts conjecture [2] However, one can easily observe that Wk has actually two "original" adjacent 
maximal repetitions n and r 2 which "generate" all the other repetitions r^, r&, . . . , This observation 

suggests that it would be possible to indicate in R(w) a subset of repetitions which "generate" all the 
other maximal repetitions of w. In this paper we formally define the notion of generation of repetitions. In 
accordance with this notion, generated repetitions are called secondary and all the other maximal repetitions 



are called primary. Originally the notions of primary and secondary re peti tions were introduced in 11 1 
where they was used for space efficient search for maximal repetitions. In ll| some auxiliary combinatorial 
results for primary and secondary repetitions are also obtained. The notions of primary and secondary 
repetitions defined here are slightly different from the notions introduced in (lll j. However, this difference 



is not crucial. Thus, in the present paper we continue the combinatorial investigations started in llj] for 
primary and secondary repetitions. In particular, we show that, unlike the case of all maximal repetitions, 
both conjectures [T] and [2] are true for primary repetitions. More precisely, we prove that in the word w 
the sum of exponents of all primary repetitions with the minimal period not less than A and all secondary 
repetitions generated by these primary repetitions is 0(n/X) which obviously implies that the number of 
primary repetitions with the minimal period not less than A in the word w is also 0(n/X). Moreover, we 
prove that the maximal number of primary repetitions which have the minimal period not less than A and 
contain the same letter in the word w is 0(log(n/A)) which obviously implies that conjecture [2] is also true 
for primary repetitions. Thus, the set of all primary repetitions which represent actually all repetitions in a 
word is more convenient for considering and treatment than the set of all maximal repetitions. 

2. Auxiliary definitions and results 

The results of the paper are based on the following well-known fact which is usually called the periodicity 
lemma. 

Lemma 1. If a word w has two periods p, q, and \w\ > p + q, then gcd(p, q) is also a period of w. 

Using the periodicity lemma, it is easy to obtain 
Proposition 2. Let q be a period of a word w such that \w\ > 2q. Then q is divisible by p(w). 

We will use also the following evident fact. 



2 By the same letter we mean that letters in different positions of the word are different. 
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Proposition 3. If two factors of a word have the same period q and are overlapped by at least q letters then 
q is a period of the union of these factors. 

Let w = w[l]w[2] . . .w[n] be an arbitrary word. A repetition r = w[i..j] in w is called maximal if it 
satisfies the following conditions: 

1. if i > 1, then w[i — 1] ^ w[i — 1 + p(r)], 

2. if j < n, then w[j + 1 — p(r)] ^ w[j + 1]. 

In other words, a repetition in w with the minimal period p is maximal if its one letter extension in w (to 
the left or to the right) results in a factor with the minimal period > p. It is obvious that any repetition in 
a word is contained in only one maximal repetition with the same minimal period. We denote by R(w) the 
set of all maximal repetitions in w. The following fact about maximal repetitions is a trivial consequence of 
Proposition [3J 

Proposition 4. The overlap of two non-separated different maximal repetitions with the same minimal 
period p is smaller than p. 

Proposition |4] obviously implies 

Proposition 5. Let r' = w[i' ..j'}, r" = w[i" ■■]"], r'" = w[i"' ..j'"] be different maximal repetitions in w with 
the same minimal period and i' < i" < i'" . Then r' and r'" are not non-separated. 



3. Primary and secondary repetitions 

Let r be a repetition in the word w. We call any factor of w which has the length p(r) and is contained 
in r a cyclic root of r. Note that for any cyclic root u of r the word r is a factor of the word u k where k is a 
large enough number. So it follows from the minimality of the period p(r) that any cyclic root of r has to 
be a primitive word. Hence any two adjacent cyclic roots of r form a primitive square with the period p(r) 
which is called a cyclic square of r. Two repetitions r' and r" with the same minimal period p are called 
cognate if the words r' and r" are factors of the same word u k , where \u\ = p and k is a large enough number. 
It easy to see that cognate repetitions have the same set of distinct cyclic roots. For cognate repetitions we 



have the following statement which is proved in ( [ill]. Lemma 1 



Lemma 6. Let r', r" be cognate repetitions with minimal period p in the word w. Then for any cyclic roots 
u' = w[i' u ..i' u +p— 1], v' = w[i' v ..i' v +p— 1] ofr' and any cyclic roots u" = w[i'^..i'^+p— 1], v" = w[i"-i"+p— 1] 
of r" such that u' — u" , v' — v" an equality i" — i' u = i" — i' v (mod p) holds. 

Lemma [5] implies that there exists a residue class modulo p, such that, for any equal cyclic roots v! = 
w[i' u ..i' u + p — 1] of r' and u" = w[i"..i" +p — 1] of r", the value i" — i' belongs to this class. We denote 
by a(r',r") the minimal non-negative residue of this class. It is easy to see that cognate non-separated 
repetitions r',r" are extended to the same maximal repetition if cr(r',r") = 0. Hence 

Proposition 7. For any different cognate non-separated maximal repetitions r',r" the value o~(r',r") is 
positive. 

We use also the following fact which is proved actually in ([ll|, Lemma 2) (here we present a shorter 
proof of this fact). 

Lemma 8. Let r' = w[i'..j'], r" = w[i"..j"] be cognate non-separated repetitions with minimal period p , and 
v = w[l..l + 2q — 1] be a primitive square with the period q such that q > 2p and v is contained completely in 
w[i'..j"}. Than i" < I + q < j' + 1. 
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Proof. Denote respectively the roots w[l..l + q— 1] and w[l + q..l + 2q— 1] of v by u' and it". Suppose that 
I + q < i" . Note that in this case u' is contained completely in r' , so p is a period of u' . Therefore, p is also 
a period of it". If v is contained completely in r' than u has both periods p and g such that \v\ = 2q > p + q. 
So by the periodicity lemma in this case v has also the period gcd(p, q) which contradicts the primitivity of 
roots of v. Thus we can suppose that I + 2q — 1 > f. Let f + 1 — p > I + q. Than both letters w[j' + 1 — p] 
and w[j' + 1] are contained in u" . Since p is a period of u", we obtain that w[j' + 1 — p] = w[j' + 1] which 
contradicts that r' is maximal. Now let j' + 1 — p < I + q. Taking into account that f >i" — l, in this case 
we have 

I + 2q - 1 > f - p + q > j' + p > i" + p - 1 > i" - 1 > I + q, 

so both letters w[i" +p — 1] and w[i" — 1] are contained in u" . Since p is a period of u", we conclude that 
w[i" +p — 1] = w[i" — 1] which contradicts that r" is maximal. Thus i" < I + q. The inequality I + q < j' + 1 
is proved by symmetrical way. 

Let r' = w[i'..f], r" = w[i"..j"] where i' < i" be cognate non-separated repetitions from R(w) with 
minimal period p. Then it follows from Proposition [4] that i' < j' + 1 — p < i" < j' + 1 < j" . We say that a 
repetition r = w[i..j] from R(w) is generated by repetitions r' and r" if the following conditions are valid: 



We will also say in this case that r' (r") generates r from left (from right). If a repetition is generated by 
some repetitions from from R(w) we call this repetition secondary. All repetitions from R(w) which are not 
secondary are called primary. By Rp(w) we denote the set of all primary repetitions in w, and by Rs(w) we 
denote the set of all secondary repetitions in w. 

Lemma 9. Any secondary repetition is generated by only one pair of repetitions. 

Proof: Let a maximal repetition r be generated by a pair (r'i,r'{) of repetitions with a minimal period p\ 

and a pair (r' 2l r^') of repetitions with a minimal period pi where r' k = w[i' k ..j' k ], r' k ' = w[i k ..j k ] for k = 1, 2. 

Consider in r an arbitrary cyclic square v = w[l..l + 2p(r) — 1]. Since v is contained completely in w^.-j"] 

and w[i' 2 ..j2 ], by Lemma[51 we have i k < l+p(r) < j' k + 1 for k = 1,2. Therefore, the left root w[l..l+p{r) — 1] 

of v is contained in both repetitions r[ and r' 2 . So r[ and r' 2 are overlapped by at least p(r) letters where 

p(r) > pi +P2- Moreover, the right root w[l+p(r)..l + 2p(r) — 1] of v is contained in both repetitions r" and 

r 2 . So r'{ and r 2 are also overlapped by at least p(r) letters. Hence, by Proposition HI we have r[ = r 2 and 
J> — r » 

r l — " 2 • 

On the other hand, we can describe explicitly all repetitions generated by a given pair of repetitions. 

Lemma 10. Let a maximal repetition r in a word w be generated by a pair (r',r") of repetitions with a 
minimal period p where r' = w[i'..j'], r" = w[i"..j"]. Then p(r) — ap + o~(r' , r"), and r = w[i" — p{r)..j' + 
p{r)\, where a is an arbitrary integer satisfying the inequalities 



Proof: Consider in r an arbitrary cyclic square v = w[l..l + 2p(r) — 1]. Let u' = w[l..l + p — 1] 
(u" = w[l +p(r)..l + p(r) + p — 1) be the prefix of length p in the left (right) root of v. By Lemma |S] we 
have i" < I + p(r) < j' + 1, so the left root of v is contained in r' and the right root of v is contained 
in r" . Hence u' is a cyclic root of r' and u" is a cyclic root of r" . Since u' = u", by Lemma [6] we obtain 
that I + p(r) — I = p(r) = o~(r',r"), i.e. p{r) = ap + a(r',r"). Since cr(r',r") < p, from p(r) > 3p we 
have a > 3. If a satisfies inequalities ([lj, then it is easy to note that all factors w[l..l + 2p{r) — 1] such 
that i" < I + p(r) < j' + 1 are cyclic square of the same maximal repetition w[i" — p(r)..j' + p(r)] which is 
generated by (r',r"). Thus r = w[i" — p(r)..j' + p(r)]. Using Lemma HI it is also not difficult to see that 



1. p(r) > 3p; 

2. i' <i< f, 

3. i" < j < j". 




(1) 
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if ct > i(min{z" — — j'} — cr{r',r")J, either w[i'..j"] doesn't contain primitive squares with the period 
ap + a(r',r") or such squares are cyclic square of a repetition u>[i..j] which doesn't satisfy the conditions 
i' < i or j < j" . 

Corollary 11. Any secondary repetition is generated by a pair of primary repetitions. 

Proof: Let r — w[i..j] be a secondary repetition generated by a pair (r',r") of repetitions with minimal 
period p in a word w where r' = w[i'..j'], r" = w[i"..j"]. Then, by LemmaJTUJ we have 

< „_*w+£_ a+ ' ( 2) 

p[r) p[r) 

where 8 is the overlap of repetitions r', r". Since p{r) > 3p and 5 < p, due to Proposition 01 the equality @ 
implies e(r) < 7/3. Thus the exponent of any secondary repetition is less than 7/3. Consider now the 
repetition r' — w[i'..j']. Since i = i" — p(r) by Lemma [TUl we have 

\r | > i" — i > i —i = p(r) > 3p. 

Hence e(r') > 7/3. Similarly we can prove that e(r") > 7/3. So neither r' nor r" can be a secondary 
repetition. 

Using Lemma [1] and Corollary refsecbyprim, we can easily compute all secondary repetitions from the 
set of all primary repetitions. So the set Rp(w) represents actually all repetitions in w. 

Corollary 12. Any repetition r generates from left less than e(r) — 2 repetitions. 

Proof: It is easy to see from Proposition [5] that any maximal repetition r can have to the right only 
one maximal repetition r' non-separated and cognate with r. Thus all repetitions generated by r from left 
have to be generated by only one pair (r, r') of repetitions. From Lemma 1101 we conclude that the number 
of repetitions generated by this pair is no more than the number of integer a such that 3 < a < e(r) which 
is obviously less than e(r) — 2. 

4. Main results 

Further we consider pairs of integers (p,j) where p > 0. We will call such pairs points. For any 
two points {p',j'), (p",j") we say that the point (p',j') covers the point (p",j") if p' < p" < 4p'/3 and 
j' — (2p'/3) < j" < j'. By V(p, j) we denote the set of all points covered by the point (p, j). Let £{w) be 
the set of all points (p,j) such that 1 < p < 2n/3 and 1 < j < n. For any repetition r = w[i..j] from R(w) 
we denote by V{r) the set of all points (p(r),i + kp — 1) of £ (w) where k is an integer greater than or equal 
to 2 and i + kp — 1 < j. Note that ^(r)) = \e(r) — lj, so for any repetition r the set Vir) is not empty. 
Moreover, from Proposition 2] we have 

Proposition 13. For any different repetitions r' , r" from R(w) the sets V(r') andV(r") are not intersected. 

We also use the following fact. 

Proposition 14. Two different points (p',j'), (p",j") of £(w) such that p' = p" can not cover the same 
point. 

Proof. Let p' = p" . Then j' ^ j" . Assume without loss of generality that j" < j' . Let the points 
(P',f), (P",f) cover the same point (p,j). Then f - (2p'/3) < j < j" < f . So the points (p',f), (p",j") 
can not be contained in the same set V(r). On the other hand, if (p',j') and (p",j") are contained in the 
sets V(r'), V(r") for some different repetitions r' and r" with the same minimal period p' = p" then these 
repetitions have an overlap of length greater than or equal to 4p'/3 which contradicts Proposition |4] 

By £'{w) we denote the subset UreflpO) °^ £( w )- Note that, by Proposition [13l each point of £'(w) 
belongs to only one set V(r). 

Our results are based on the following statement. 
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Lemma 15. Three different points of £'{w) can not cover the same point. 

Proof. Let three different points (pi,ji), {pi-,32) and (j>3, J3) of £'(w) cover the same point (p,j). Then, 
by Proposition ll41 the numbers p±, pi and p 3 have to be pairwise different. Assume without loss of generality 
that p 3 < pi < pi . Note that in this case we have 

P3 < P2 < Pi < P < 4p 3 /3. 

For k = 1, 2, 3 let = w[sk--tk] be the primary repetition such that (pk,jk) G 'P{ r k)- Note that p(r^) = pk- 
Denote jk — 2pk + 1 by ik- Note that the factor w\ik~jk] is contained completely in rfe, so in ru we can 
consider the conjugate cyclic roots w[ik--jk — Pk] and w[ik + Pk~jk\- Denote respectively these roots by u' k 
and u'l- We also denote P2 — P3 by q. From P2 < 4p3/3 we have q < P3/S. To prove the lemma, we consider 
separately the three following cases. 

Case I. Let j'2 < J3- Note that in this case ii < 13. First we prove that in this case s 3 = is, i.e. r3 can 
not be extended with the same period to the left of w[i 3 ]. Assume that S3 7^ 13. Then, by dcfmiton of Pfrs), 
the repetition r 3 has at least one cyclic root to the left of ^[13], i.e. the factor w[i 3 — P3..J3] is contained 
completely in r^. So p 3 is a period of iu[i3 — p 3 --j 3 }- Let 13 —p 3 < Z2- Then the factor w^-.^] is contained 
in io [z 3 — P3--j 3 ]. So w[?2--i2] has both periods P2 and P3. Moreover, |w[«2--j2]| = 2p2 > P2 + P3- Therefore, 
by the periodicity lemma w[i 2 ..j 2 ] has the period gcd(p2j.P3) which contradicts the primitivity of cyclic roots 
of r 2 . Now let i 3 — p 3 > i 2 . Then the overlap w[i 3 — P3..J2] of factors w[i 3 — p 3 --j 3 ] and tu^-ia] has both 
periods P2 and P3. Since j 3 — (2p3/3) < j < ji < j 3 and P2 < 4p3/3, we have 

|w[i3 ~ P3-J2]| = 3p 3 - (j'3 - j 2 ) > 7p 3 /3 > P2+P3- 

Therefore, by the periodicity lemma w[i 3 — p 3 --j 2 ] has the period gcd(p 2 ,P3) which contradicts again the 
primitivity of cyclic roots of r 2 . Thus, S3 = i 3 . Since 13 > 1, it implies that w[i 3 — 1] 7^ w[i 3 + P3 — 1]. It is 
easy to see that w[i 3 +P3 — 1] is contained in u 2 . So from u' 2 — u 2 we have w[i 3 +p 3 — 1] = w[*3 +P3 — 1 — p 2 ] = 
w[i 3 — q — 1]. Thus w[z3 — 1] ^ ^[^3 — q — 1]. Denote by v the overlap u>[i3 + P3..J2] of u'2 and w 3 '. Taking 
into account j 2 > j > j 3 — (2p 3 /3), we obtain 

M = J2 - (j3 -Ps) > y > 9- 
Moreover, since u' 2 = u 2 and u' 3 = u 3 , we have 

v = w[i 3 ..j 2 -p 3 ] = w[i 3 + p 3 -P2-J2 -P2] (3) 

which implies that q is a period of v. For case I we consider separately subcases i\ < i 3 — q and i\ > i 3 — q. 

Subcase LI. Let %\ < i 3 — q. Since j 3 — (2p3/3) < j < ji and pi < 4p3/3, the relation j'i — pi > 
j3 — 2p 3 = 23 — 1 is valis. Thus in this case we have i\ < £3 — g — 1 < I3 — 1 < ji — p\. So both symbols 
w[i 3 — q — 1] and w[i 3 — 1] are contained in u[. Since u[ = u", we obtain w[i 3 — q — 1] = w[i3 + p\ — q — 1] 
and w[«3 — 1] = w[i 3 +pi — 1]. Therefore, w[i 3 +pi — g — 1] ^ w[i 3 + pi — 1], Using the inequalities pi > j»2 
Pi < 4p 3 /3, we obtain i 3 +pi-<5r-l > i 3 +P2~q = «3+P3 andi 3 +pi-l = j 3 -2p 3 +Pi < j3~(2p3/3) < j < J2- 
Thus both symbols w[i3 +p\ —q—1] and w[i3 +pi — 1] are contained in v. So w[«3 +pi — q— 1] 7^ ^[23 +pi — 1] 
contradicts the fact that g is a period of v. So this subcase is impossible. 

Subcase 1.2. Let zi > i 3 — q. Note that in this case j 3 < j\. Consider the factor v' = w[i3 ~ q..j 2 — P3\- 
Note from (J3j> that q is a period of v'. Moreover, \v'\ = \v\ + q > 2q. So v' is a repetition. Let q' be the 
minimal period of v'. Note that q' is a divisor of q by Proposition [5] Let v' = w[i'..j'] be the maximal 
repetition containing v' . Then we consider separately subcases j' < j 3 — p 3 and j' > j'3 — P3. 

Subcase 1. 2. a. Let j' < j 3 — p 3 . Since the repetition v' is maximal, we have w[j' + 1] 7^ u>[j' + 1 — g']. 
It follows from the inequalities j' > j% — p 3 , j 2 > j > j 3 — (2p 3 /3) and q' < q < ps/3 that j' + 1 — q' > i 3 . 
Thus *3 < j' + 1 — q' < j' + 1 < j3 — P3, i.e. both symbols w\j' + 1 — q'] and w[j' + 1] are contained in u' 3 . 
Since u' 3 = u 3 , we obtain that the symbols w^'' + 1 + P3] and w[j' + 1 + p 3 — q'] contained in u 3 are also 
different. It follows from inequalities j' > ]2 — P3, 32 > j > ii — (2pi/3) and q' < q < ps/3 < pi/3 that 
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j'+l +P3 —q'> ji —pi ■ On the other hand, since w [j' + 1 +P3] is contained in u 3 , we have j' + 1 +p 3 < j 3 < ji . 
Thus both symbols w[j' + 1 +p 3 ] and w[j' + 1 +^3 — q'] are contained in u". Since u'i = u'{, we conclude that 
the symbols w[j' + 1 +P3 — pi] and w[j' + I + P3 — q' — pi] contained in are also different. The inequality 
P3 < Pi implies that j' + 1 + P3 — Pi < j'- On the other hand, since w[j' + 1 + P3 — q' — p\] is contained in 
u'i, we obtain 

j' + l+p 3 -q' -Pi >ii>h~q>i'- 

Thus both symbols w[j' + 1 + P3 — p{\ and w[j' + 1 + p 3 — q' — pi] are contained in v' which contradicts the 
fact that q 1 is a period of v' . So this subcase is also impossible. 

Subcase I.2.b. Let j' > j 3 — P3. In this case u 3 is contained in v', so q' is a period of u' 3 . Since 
\ u 3\ = P3 > 3g > 3(7', using Proposition [2] it is easy to see that q' has to be the minimal period of u' 3 . Thus, 
u 3 is a repetition with the minimal period q' . So u 3 is also a repetition with the minimal period q' . Let 
v" = w[i" ..j"] be the maximal repetition containing u 3 . If v' = v" , then u' 3 u 3 is contained in v' , so q' is 
the minimal period of u' 3 u 3 . Applying Proposition [5] to u' 3 u 3l we obtain that in this case q' is a divisor of 
P3, so g' is a period of r 3 which contradicts the fact that P3 is the minimal period of r 3 . Thus v' ^ u". 
It is obvious that the repetitions v', v" are non-separated and cognate. Taking into account i' < i 3 — q, 
S3 = 13, and j' > j 3 — P3, we also have i' < s 3 < j' . Note that, obviously, i\ < j 3 — p 3 . Consider the factor 
v[ = w[i\..j3 — P3]. The inequlities « 3 — q < i\ and p\ > P2 imply that ji —pi> j'3 — p 3 , so is contained in 
u[. Therefore, u[ — u'{ implies v[ = v" where v" = w[i\ +P1..J3 +Pi — ^3]. It follows from i' < 13 — q < i\ 
and j' > j 3 — p 3 that is also contained in {)', so q' is a period of v[. Hence q' is also a period of f". From 
ji — p\ > J3 — P3 and pi > P3 we have ii + pi > 13 + p 3 and j 3 + pi — p 3 > j 3 , so the overlap of v" and w 3 
is w[i\ + P1..J3]. The inequlities j 3 > j > ji — (2pi/3) imply that the length of this overlap is no less than 
Pi/3 > q > q' ■ Hence, using Proposition^ we obtain that q' is the minimal period of u>[i 3 +P3..J3 +Pi — P3]. 
So w[i 3 +P3..J3 +pi — P3] is contained in v" . Thus 

j" > J3 + Pi ~ P3 > 33 +P2- P3 = 33 + q- 

Therefore, if i 3 > 33 + q, then both numbers q' and P3 are periods of the factor w[i3 + P3..J3 + q] and, 
moreover, the length of this factor is p 3 + q, i.e. is no less than p 3 + q' . Hence, by the periodicity lemma, in 
this case u>[i 3 +P3..J3 + q] has the period gcd(g',p3) which contradicts the primitivity of cyclic roots of r3. 
Thus, < 3 < ]3 + q, i.e. < 3 < j" . On the other hand, we have, obviously, i 3 > i 3 + p 3 > i". Recall also that 
P3 > 3g > 3g'. Summing up the inequalities proved above, we obtain that r 3 is generated by the repetitions 
v' and v" , i.e. T3 is a secondary repetition which contradicts r3 S Rp{w). Thus, Case I is impossible. 

Case II. Let 33 < 32 and i 3 > i-z- In this case we consider separately the three following subcases: 
33 -P3> h - P2, 33 ~P3= .h - P2, and 33 - p 3 < j 2 - P2- 

Subcase II. 1. Let 33 — P3 > 32 — P2- Denote for convenience the root u 3 by v. Note that in this subcase 
v is contained completely in u 2 . Thus, from u' 2 — u' 2 ' and u' 3 — u 3 we obtain 

v = w[i 3 +p 3 -P2-33 -P2] = w[i 3 ..j 3 -P3]- (4) 

So q is a period of v. Moreover, \v\ = P3 > 3q. Thus, v is a repetition, and by Proposition [5] the minimal 
period q' of this repetition is a divisor of q. Denote by v' the factor w[i 3 +P3 —p 2 --33 ~V3\- From (|4]) we have 
that v' is also a repetition with the minimal period q' . Let S3 7^ 13, i.e. T3 has at least one cyclic root to the 
left of to^s]. Then v' is contained in rs, so v' has both periods q' andp 3 , and, moreover, \v'\ = P3 + q > P3+q' '■ 
Therefore, by the periodicity lemma v' has the period gcd(p3, q') which contradicts the primitivity of cyclic 
roots of r 3 . Thus, S3 = 13. Since i 3 > 1, it implies w[i 3 — 1] ^ w[j3 — Ps\- Since 33 — p 3 > 32 — P2, the letter 
w [J3 - Ps] is contained in u' 2 ' , so w \j 3 -p 3 ] =w \j 3 ~P3~ P2] ■ Hence w[i 3 - 1] ^ w [j 3 -^3-^2] =w[i 3 -q-l]- 
In this subcase we consider separately the two following subcases. 

Subcase Il.l.a. Let i\ < j 3 — p 3 — p2- From inequalities 33 — (2p 3 /3) < 3 < ji and p\ < 4p 3 /3 we have 
that ji -pi> 33 -2p 3 = i 3 -l. Thus 

«i < h ~ P3 - P2 < i 3 - 1 < ji - Pi, 
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i.e. both symbols w[i 3 — 1] and w\j 3 — p 3 — p 2 ] are contained in u[. So w[i 3 — 1] = w[i 3 + pi — 1] and 
w[j3 -P3 - Pa] = w\ja +P1-P3- Pi]- Thus w[i 3 + pi - 1] ^ w[j 3 + pi - p 3 - p 2 ]. Using pi > p 2 , we 
obtain that 33 + p\ — p 3 — P2 > J3 + 1 — P3 = H + P3- On the other hand, the inequality p\ < 4p3/3 implies 
*3 + Pi ~ 1 < *3 + 2^3 — 1 = J3- Thus we have that 

«3 + P3 < h + Pi - P3 - Pi = «3 + Pi ~ Q - 1 < h + Pi ~ K J3 

i.e. both letters w[i3 +pi — 1] and w[j 3 +pi —p 3 — p 2 ] are contained in v. Therefore, since j 3 +pi — p 3 — P2 = 
*3 + Pi ~ Q ~ 1, the relation w[i 3 +pi — 1] 7^ ^[73 + pi — P3 — P2] contradicts the fact that q is a period of v. 
So this subcase is impossible. 

Subcase Il.l.b. Let i% > j 3 ~ p 3 —p 2 . Consider the maximal repetitions v' = w[i'..j'] and v" = w[i"..j"] 
containing respectively v' and v" with the minimal period q'. By the same way as in subcase I.2.b we 
can prove that & ^ v". Moreover, it is obvious that the repetitions v' , v" are non-separated and cognate. 
Denote by v[ the factor w[ii..j 3 — p 3 ]. Note that v[ is contained in v' , so q' is a period of v[. It follows from 
ii > 33 — P3 — P2 and p\ > p 2 that ji — p\ > j 3 — p 3 . So v[ is contained in u' v Therefore, u[ = u'{ implies 
v[ = v'{ where v" = w[i± + Pi--j 3 + Pi — p 3 }- So q' is also a period of v'{. Since j\ — (2pi/3) < j < j 3 , we 
have ji — pi < j 3 — (pi/3). On the other hand, from pi > p 3 we have j 3 + p\ — p 3 > j 3 . Thus, the length of 
the overlap w[i\ +Pi--j 3 ] of v and v" is not less than pi/3, i.e. is greater than q' . Hence, by Proposition [3j 
we obtain that q' is the minimal period of w[i 3 +p 3 .-j 3 +pi — p 3 ]- So w[i 3 +p 3 .-j 3 +pi — p 3 ] is contained in 
v". Then, by the same way as in subcase 1.2. b we can show that i" < t 3 < j" . We have also that 

i' < k + P3 - Pi = h - q < h = S3 < 33 - P3 < j'- 

Thus, as in subcase 1.2. b, we obtain that r 3 is generated by v' and v", i.e. r 3 is a secondary repetition which 
contradicts r 3 G Rp(w). So subcase II. 1 is impossible. 

Subcase II. 2. Let j 3 — p 3 = j 2 — p 2 - Then from u' 2 — u' 2 ' and u' 3 = u 3 ' we obtain that q is a period of 
u' 2 and u 2 . Moreover, taking into account \u 2 \ = \u 2 \ = p 2 > p 3 > 3q and Proposition [2l we have that u 2 
and u'2 are repetitions, and the minimal period q' of these repetitions is a divisor of q. Consider again the 
maximal repetitions & = w[i'..j'] and is" = w[i"..j"] with the minimal period q' containing respectively u 2 
and u 2 . By the same way as in subcase 1.2. b we can prove that v' ^ v". If S3 7^ i 3 then u' 2 is contained 
completely in r 3 , so u' 2 has both periods q and p 3 . Since \u 2 \ = p 2 = p 3 + q, using the periodicity lemma, we 
obtain in this case that u' 2 has the period gcd(p3,g), so u' 3 has also the period gcd{p 3l q) which contradicts 
the primitivity of cyclic roots of r 3 . Thus, S3 = i 3 . Therefore, 

i' < h < 13 = s 3 < 33 ~P3 = h - V2 < j'. 

If t 3 > j 2 then u 2 is contained completely in r 3 , so in this case we can also obtain a contradiction to the 
primitivity of cyclic roots of r 3 . Hence 

i" < i 2 + P2 = «3 + P3 < 33 <t 3 < j 2 < j". 

It is also obvious that v' , v" are non-separated and cognate. Thus, taking into account the inequalities 
proved above, we obtain in this subcase that r 3 is generated by v' and v" which contradicts r 3 € Rp(w). 

Subcase II. 3. Let j 3 — p 3 < j 2 — P2- Denote by v' and v" the factors w[i 2 --j 3 — p 3 ] and w[i 3 + p 3 .-j 3 + q] 
respectively. From u' 2 = u 2 and u' s = u 3 we have 

w[i2 + q-33 -ps] = ™[ii +P1-33] = w[ii~33 - Pi], 

so q is a period of v'. Since u' 3 is contained in u' 2 , by the same way we have 

u' 3 ' ee w[i 3 +p 3 ..j 3 ] = u' 3 = w[i 3 +p 2 ..j 3 + q], 

so q is also a period of v". Since \v'\, \v"\ > p 3 > 3q, we obtain that v', v" are cognate repetitions, and the 
minimal period q' of these repetitions is a divisor of q. 
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First we prove that S3 =13. Assume that S3 7^ 13, i.e S3 < z 3 — p 3 . If S2 7^ 22, i-e. S2 < 12 — P2 < *3 — P3, 
then the factor w[i3 — P3..J3] of length 3j»3 has both periods p 3 and j>2- Since pi + p 3 < 7ps/3 < 3^3, by the 
periodicity lemma we obtain in this case that this factor has the period gcd(j>3,p2) which contradicts the 
primitivity of cyclic roots of r-i- Thus, S2 = 12- Let & — w[i'..j'] be the maximal repetition containing the 
repetition v' , and v" be the maximal repetition containing the repetition v" . By the same way as in subcase 

I. 2.b we can prove that v' ^ v" , We consider separately the three following subcases. 

Subcase II. 3. a. Let i\ < %2- Then 12 > 1, so S2 = i 2 implies that w\i2 — 1] 7= w\ji — p%\. It follows from 
J3 ~P3 < h ~P2 that the letter w[j 2 - P2] is contained in u' 3 \ so w[j 2 -P2] = w[h ~P2 ~Pa] = w[i 2 +q — l]. 
Thus, w[i 2 - 1] j= w[i 2 + q - 1]- Note that 

4 1 4 

Pi < gP3 <P3+ gP2 = ^P2 - q- 

Using this estimation together with j\ > j > 22 — (%P2 /3) , we obtain ji —p\ > 32 + q — 2p2 = «2 + <7 — 1 • Thus, 
i\ < %2 — 1 < 12 + q — 1 < ji — Pi, i-e. both letters w[i2 — 1], w[i2 + q — 1] are contained in u^. Therefore, 
w[i 2 — 1] = w[i 2 +Pi — 1] and w{i 2 +q-l] = w[i 2 +p\+q - 1]. Hence w[i 2 +Pi - 1] ^ w[«2 +Pi + q— 1]- Using 
Pi > P2j w e have «2 + Pi — 1 > *2 + P2, so «2 + Pi — 1 > *3 + P3- On the other hand, using pi < 4p 3 /3 < 2p 3 , 
we have 

«2 +Pi + Q ~ 1< k + 2p 3 + Q - 1 < *3 + 2^3 + ? - 1 = h + 5- 

Thus, both letters — 1], u>[i2+Pi+<?— 1] are contained in v" . Therefore, ii>[«2+Pi — 1] 7^ w[?2+Pi+<7— 1] 

contradicts the fact that q is a period of v". So this subcase is impossible. 

Subcase II. 3. b. Let i\ > i 2 and j' < 32 — P2- Since v' is maximal, we have w[j' + 1] 7^ w[j' + 1 — q']. From 
J3 — P3 < j' < J2 — P2 and q' < q < P3 we have also that £3 < + 1 — q' < f + 1 < j'2 — P2, i.e. both letters 
w[j' + 1] , «;[?' + 1 — g'] are contained in u 2 . So u;[j' + 1] = w[j' +p 2 + 1] and w[/ + 1 — q'] = w[j' +p 2 + 1 — q 1 ]. 
Thus +P2 + 1] 7^ to [7' + P2 + 1 — <?']• Note that in this subcase ji > 32 and j' +P2 < 32, so 3' +p 2 + 1 < ii- 
On the other hand, we have j' > J3-P3, so j'+p 2 + l > 33+P2-P3 = 33+q >33+q'- Hence j'+P2 + l-q' > 33- 
Taking into account j 3 > 3 > ji — (2pi/3) > j\ — Pi, we obtain 

h - Pi < f +P2 + 1 - q 1 < f +P2 + K h- 

Thus, both letters w[j' + P2 + 1 — q'] and w[j' + P2 + 1] are contained in m". Hence w[j' + P2 + 1 — q 1 ] = 
w [j'+P2 + l-q'-pi] and w\j' +P2 + I] = +P2 + 1 -Pi]- So +p 2 + 1 - q' —pi] 7^ io[j'+jJ2 + l— pi]- 
Since P2 < Pi, we have j' + P2 + 1 — pi < j/'- On the other hand, since w;[j' + P2 + 1 — 9' — Pi] is contained 
in u[, we have also j' + P2 + 1 — q' — Pi > «i > «2 > Thus, both letters w[j' + P2 + 1 — q' — Pi] and 
M.?' + P2 + 1 ~ Pi] are contained in v' . So ui[j' + P2 + 1 — q' — Pi] 7^ M.?' + P2 + 1 ~ Pi] contradicts the fact 
that q' is a period of -0'. Therefore, this subcase is also impossible. 

Subcase II. 3. c. Let 3' > 32 — P2- Then u' 2 is contained completely in v' , so q 1 is a period of u' 2 - It follows 
from 33 — P3 < 32 — P2 and P2 < 4^/3 < 2p3 that ^3 — P3 < «2, so u' 2 is contained completely in r 3 , i.e. P3 is 
also a period of u' 2 - Moreover, \u' 2 \ = P2 = P3 + q > P3 + q' ■ Therefore, by the periodicity lemma this factor 
has the period gcd(p3,q') which contradicts the primitivity of the root u' 3 contained in u' 2 . 

Since all the considered subcases are impossible, we conclude that S3 = 13. Then, analogously to subcase 

II. 2, one can prove that r 3 is generated by v' and v" which contradicts r 3 S Rp(w). Thus, Case I is also 
impossible. 

Case III. Let 13 <i2- In this case we consider separately the subcases S2 = 12 and S2 7^ «2- 
Subcase III. 1 . Let S2 = 12- Denote by v the overlap w[i2--33 — P3] of u' 2 and u' 3 . It follows from 
J3 j > J2 ~ (2p2/3) and q < p 2 /Z that \v\> (P2/3) + q > 2q. Since u' 2 = u 2 and u' 3 = u 3 ', we have 

v = w[i 2 +P2-33 +q]= w[i 2 +P3-J3], (5) 

so q is a period of v. Thus, v is a repetition, and by Proposition [5] the minimal period q' of this repetition 
is a divisor of q. Therefore, using again (|S|), we obtain that w[i2 +P3--J3 + q] is also a repetition with the 
minimal period q' . We denote this repetition by v" and consider separately the subcases i\ < 12 and i\ > i 2 - 
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Subcase IILl.a. Let i\ < ii- Note that in this subcase ii > 1, so S2 = ii implies that w\^% — 1] 7^ w\j 2 — P2\- 
It follows from i 3 < i 2 , p 3 < Vi and ja > 3 > h - ( 2 P2/3) that i 3 + p 3 < j 2 —p 2 < ja, i-e. the letter w[j 2 — p 2 \ 
is contained in u 3 . So w{j 2 — P2] = w\j 2 — P2 — P3] = w[i 2 +q—l]. Thus w[i 2 — 1] 7^ w[«2 + 9 — 1]- Note that 

4 1 4 

-p 2 - q = -P2 + p 3 > -p a > pi- 

Therefore, j\ >j> 32 — (2p2/3) implies that j\ —pi > j 2 + q — 2p 2 = i 2 + q — 1- On the other hand, we have 
ii < i2 — 1. Thus, both letters w[i 2 — 1] and w[«2 + q — 1] are contained in u^. So w[i2 — 1] = w[«2 + Pi — 1] 
and w[i 2 + g — 1] = U)[ia +Pi + <f — 1]- Therefore, w[«2 + Pi —1] 7^ w[i 2 +Pi + q — 1]. From pi > p 2 we have 
*2 + Pi — 1 > *2 + P2 > *2 +P3' On the other hand, using p\ < 4p 2 /3 and j 3 > j > j% — (2^2/3), we obtain 

2 

«2 + pi + q - 1 = 32 + pi + q - 2p2 < J2 + q - ^P2 < 3a + q- 

Thus, both letters w[i2 +pi — 1] and w[i2 + pi + q — 1] are contained in v". Therefore, since q' is a divisor 
of q, the inequality w[i2 +pi — 1] ^ io[*2 + Pi + <7 — 1] contradicts the fact that q' is a period of v". So this 
subcase is impossible. 

Subcase Ill.l.b. Let i\ > %2- Denote by v' = w[i'..j'] the maximal repetition contaning the repetition v 
and by v" = w[i" ..j"] the maximal repetition contaning the repetition v" . Let v' = v". Then j' > j 3 + q, so 
u' 2 is contained completely in v' . Therefore, q' is the minimal period of u' 2 , so q' is also the minimal period of 
u 2 '- Since u 2 ' is overlapped with v' by at least \v\ letters where \v\ > 2q > q' , by Proposition [3] we obtain in 
this case that q' is the minimal period of m 2 u 2 . So, by Proposition [21 q' is a divisor of P2 which contradicts 
the primitivity of cyclic roots of T2- Thus, v' ^ v" . By Proposition [4j v' and v" can not be overlapped by 
greater than or equal to q' letters, so i" < «2 +P3 and q' < q imply that j' < j 2 — P2- Since the repetition 
v' is maximal, we have w[j' + 1 — q'] w[j' + 1]. It follows from j' + 1 > 12 + \v\ > 12 + 2q > «2 + 2q' 
and f < 32 — P2 that 12 < f + 1 — q' < j' + 1 < 32 — P2, i-e. both letters w[j' + 1 — q'\ and w[f + 1] 
are contained in u' 2 . Therefore, w[j' + 1 — q 1 ] = w[j' + p 2 + 1 — q'] and w[j' + 1] = w[j' + p 2 + 1]. Thus, 
w[j' +P2 + 1 — q'] 7^ w[j' +P2 + 1]- From i\ > 12 we obtain ji > Therefore, since w[j' +P2 + 1] is contained 
in u 2 , we have j' + p 2 + 1 < j\. On the other hand, 3' > j 3 — p 3 implies that j' + P2 + 1 > ja + q, so 

, , , 2pi 
j +p 2 + 1 - q > 3a + q - q >33>3>3i 3- > 3i -Pi- 

Thus, both letters u>[j' +j»2 + 1 — q'] and +P2 + 1] are contained in u'{. Therefore, w[j' +P2 + 1 — q'] = 
w\j'+P2 + l-pi-q'] and w\j'+p 2 + i\ = w[j' +p 2 + 1 -pi]. Thus, +p 2 + 1 -pi - q'] ^ w\j' +p 2 + l-pi\- 
It follows from p\ > P2 that j' +P2 + 1 — Pi < 3' ■ On the other hand, since w[j' +P2 + 1 — Pi — q'\ is contained 
in u[, we have j'+P2 + l — Pi — q' > ii, so j'+P2 + l — Pi — 9' > «2 > Thus, both letters w[j'+p2 + l — Pi — q'] 
and + P2 + 1 — Pi] are contained in v' . Hence w[j' + P2 + 1 — pi — 9'] 7^ u>[j' + P2 + 1 — Pi] contradicts 
the fact that q' is a period of £>'. Thus, subcase III. 1 is impossible. 

Subcase III. 2. Let S2 7= 12, i-e. S2 < *2 — P2- Then, analogously to case I, one can prove that S3 = 13. 
Denote respectively by u 1 and u" the factors w[i 3 — q.-j 3 — p 3 ] and w[i 3 +p 3 .-j 3 + g]. It is easy to see that 
3a >3> h - (2P2/3) > 32 - P2 implies i 3 - q > i 2 - p 2 , i-e. i 3 - q > s 2) and i 3 < i 2 implies j 3 + q < j 2 , i.e. 
3a + q < ^2- Thus, m' and m" are contained completely in r 2 , so vl and u" are cyclic roots of r 2 . Note that 
if one considers respectively u' and u" instead of u' 2 and m' 2 ', this subcase is identical to subcase II. 2. Hence, 
by the same way as in subcase II. 2, we can prove that in this subcase the repetition r 3 is secondary. This 
contradiction to r 3 £ Rpiw) completes the proof of Lemma H~5l 

Further we assign to each point (p, j) the weight p(p,j) = 1/p 2 , and for any finite set A of points we 
define 

P (A)= p(pj)= E i- 

Let A be a positive integer. By £\{w) (£' x (w)) we denote the set of all points (p, j) from £(w) (£'(w)) such 
that p > X. Using Lemma [T51 we prove the following 
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Corollary 16. \S' x (w)\ = O (j). 

Proof. It is obvious that for any point (p,j) from £' x (w) the set V(p,j) is contained in £x(w). On 
the other hand, by Lemma 1151 each point of £\(w) can not be covered by more than two points of £' x (w). 
Therefore, 



E Kv>,j))<2p(£ A M) = 2( 2 i]= 2 M E ^ 

Using the evident inequality 4j- < dx, we estimate 



V — V — [°° — dx - 1 

Zv „2 „2 J x 2 ~ ^ _ 1 ' 

Thus, 

P(^(P,J')) < T- 

(p,j)££i(» 2 

On the other hand, for any point (p,j) we can also estimate p(V(p, j)): 

«n ^ 2 p sr 1 2 p /" L4p/3J+1 1 a 

P (V(p, 3 )) > T £ - 2 >- - 2 dx 

p<i<4p/3 Jp 

2p f^ 3 1 _ 2p J_ _ 1 
3 J p x 2 3 ' 4 P 6' 

So E( P ,i)e£i( tt )p(^(P.i)) > il^MI- Therefore, 

i^Hi < e ( e p( v (P,m < t^t = o (?) • 

Let Rp\(w) be the set of all repetitions from Rp(w) with the minimal period greater than or equal to A. 
It is obvious that £' x (w) = {J r eRp x (w) 'P( r )- Therefore, since all the sets V{r) for r £ Rp\(w) are non-empty 
and pairwise disjoint by Proposition [T3l the bound \Rp\(w)\ < \\£' x (w)\ takes place. Thus, Corollary [TBI 
implies 

Theorem 17. \Rp\(w)\ =0(f). 

Corollary [T51 allows actually to strengthen this result. Let Rs\(w) be the set of all secondary repetitions 
generated by repetitions from Rp\(w). Denote by exp\(w) the sum EreiiWio) e ( r ) °^ ^ ne ex P onen ts of all 
repetitions from Rp\(w) and by exs\(w) the sum X)re-Rs A («j) e ( r ) °^ ^ ne exponents of all repetitions from 
Rs\(w). Then we have 

Theorem 18. exp\{w) + exs\{w) — O (?■). 

Proof. By Lemma [5] each repetition r from Rs\(w) can be corresponded to the repetition from Rs\(w) 
which generates r from left. Hence |/?sa(w)| < Y^reRp x M e ( r ) — 2, due to Corollary [T2l From the proof of 
Corollary [TTJ we can also conclude that the exponent of any secondary repetition is less than 3. Therefore, 

exs\(w) < 3 • \Rs\(w)\ < 3e(r) — 6. 

r£Rp\(w) 
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Thus, 

exp\(w) + exs\ (w) < 4e M -6 = 4- Yl < r ) 

Using \T(r)\ = |_e(r) - lj, we can estimate e(r) - § < § \V{r)\, so EreRp x («>) e ( r ) ~ I < H^aMI- Therefore, 
exp\(w) + exs\(w) < 6 • |£^(iu)|. Hence Theorem [T5] follows immediately from Corollary [TCI 

Let clp\{w, i) where i = 1, 2, . . . , n be the number of repetitions from Rp\(w) which contain the letter 
w[i], and clp\(w) — max^ clp\{w, i). The value clp\(w) can be also estimated by Lemma [151 

Theorem 19. clp x (w) = 0(logf ). 

Proof. Consider the number i sach that clp\{w) — clp\(w,i). Denote by B! the set of all repetitions 
from Rp\(w) which contain w[i]. We correspond each repetition r from R' to some point (p(r),j r ) of V(r) 
in the following way. If in V{r) there exists at least one point j) such that j > i then j r is the 

minimal number j such that (p{r),j) € T'M and j > i. Othervise j r is the maximal number j such that 
(p( r )? j) G 'P(' r )- It is easy to note that in this case i — p{r) < j r < i + 2p(r). Therefore, for any repetition r 
from R' we have that V(p(r), j r ) is contained completely in the set of all points (p,j) such that 

2n 5p 

A<p<y, l-—<]<l + 2p. 

Denote this set by f2. By Proposition [T"3l different repetitions from R' correspond to different points, and by 
Lemma[T5]each point of W can not be covered by more than two different points corresponding to repetitions 
from R' . Thus, 

E p(V(p(r),j r ))<2p(n). 

r£R' 

Using the evident inequality i < f^l j dx, we estimate p(f2): 

[2n/3j l L2n/3J l n L2"/3J 1 

p=A i-(5p/3)<j<i+2p p=A F p=\ 1 

11 /-L 2 "/3J + i 1 \\ f n I 1 11 

< — / — dx < — / — dx = — In- 



3 A-i * 3 A-i 2: 3 A - i 

w ^ 2 ^2 2 

On the other hand, it is shown in the proof of Corollary \W\ that p(V(p,j)) > 1/6 for any point (p,j)- So 
E, e *'P(nPM,>))>|i?'|/6. Thus, 

\R'\ < 6 V p(U(p(r), Jr )) < 12p(0) < 441*-^ = 0(log 

Since |i?'| = clp\(w), we conclude clp\(w) — 0(\og j). 

Thus, unlike the case of all maximal repetitions, only a logarithmic number of primary repetitions in a 
word can contain the same letter. 



5. Conclusion 

In the paper we define secondary repetitions as generated repetitions r satisfying the condition p(r) > 3p 
where p is the minimal period of the generating repetitions. At the same time we suppose that the factor 3 in 
this condition is "conventional" , i.e. we conjecture that for any natural k > 3 after replacing this condition 
by p(r) > kp Theorems \T7\ fT8l and fT9l will remain true. 
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In the introduction we give an example of word which has many secondary repetitions. However, the 
total number of runs in this word is relatively small in comparison with the maximum possible number of 
runs in a word. This observations allows to make the conjecture that the words with the maximum possible 
number of runs have no secondary repetitions, i.e. mrn(n) coincides with the maximum possible number of 
primary repetitions in words of length n. 
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